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The differential equations governing the late-time ring-down of the perturbations of the Kerr
metric, the Teukolsky Angular Equation and the Teukolsky Radial Equation, can be solved analyt-
ically in terms of confluent Heun functions. In this article, for the first time, we use those exact
solutions to obtain the electromagnetic (EM) quasinormal spectra of the Kerr black hole . This is
done by imposing the appropriate boundary conditions on the solutions and solving numerically the
so-obtained two-dimensional transcendental system.
The EM QNM spectra are compared with already published results, evaluated through the con-
tinued fraction method. The comparison shows that the modes with lower n coincide for both
methods, while those with higher n may demonstrate significant deviations. To study those devi-
ations, we employ the ǫ-method which introduces small variations in the argument of the complex
radial variable. Using the ǫ-method one can move in the complex r−plane the branch cuts of the
solutions of the radial equation and examine the dependence of the spectrum on their position.
For different values of ǫ, one can obtain both the frequencies evaluated through the well-established
continued fraction method or somewhat different spectra calculated here for the first time. This
result raises the question what spectrum should be compared with the observational data and
why. This choice should come from better understanding of the physics of the problem and it may
become particularly important considering the recent interest in the spectra of the electromagnetic
counterparts of events producing gravitational waves.
QUASI-NORMAL MODES OF BLACK HOLES
During the long history of the study of the quasi-
normal modes (QNMs) of a black hole (BH) ([1–30]),
the case of electromagnetic (EM) perturbations has been
often ignored because of their perceived irrelevance to
the problem of finding gravitational waves. The reasons
behind this are that:
1. The expected luminosity of the gravitational output
in the most often studied process of BH binary merger is
much bigger than the electromagnetic one ([31]).
2. The EM waves strongly interact with the surround-
ing medium. This may lead to essential deviation of the
observed spectrum from the one expected from the no-
hair theorem and makes the object’s fingerprint harder
to detect.
3. Most importantly, because of this interaction, the
electromagnetic perturbations are strongly absorbed by
the interstellar medium, thus making the detection of the
signal almost impossible at the predicted low frequencies
for the electromagnetic QNMs.
On the other hand, the gravitational waves (GW) in-
teract very weakly with matter and thus they can be
detected at big distances, without getting absorbed or
scattered, i.e. without obscuring the signature of the
body that emitted them. It is, therefore, reasonable to
expect that the GW should be much better suited for
studying the central engine of astrophysical events, such
as gamma-ray bursts (GRBs), while the EM waves should
be seriously influenced by its environment.
For now, however, there are no gravitational waves de-
tected. Although both LIGO and VIRGO detectors al-
ready work at design sensitivity, both detectors still fail
to “see“ gravitational waves ([32–38]). Particularly puz-
zling is the lack of GW detection from short GRBs (
[39, 40]) whose progenitors are expected to emit GWs in
the range of sensitivity of the detectors.
The simplest explanation of those negative results may
be a new mechanism of generation of short GRBs which
in good approximation preserves the spherical symme-
try of the process in the central engine and admits only
significant dipole radiation. As a result, no significant
gravitational waves will be generated during the short
GRBs, since the gravitational waves have a quadrupole
character. A similar situation is observed in the long
GRBs. Such a new hypothesis for short GRBs is sup-
ported by the strong observational indications that both
types of GRBs may have the same nature and differ only
in their time scales ([41, 42]). If so, we may expect that
most of the energy release from GRBs is in the form of
electromagnetic radiation.
A more traditional point of view is a physical process
which yields both electromagnetic and gravitational ra-
diation from GRBs. Actually, the ratio of the energy
release in the form of electromagnetic waves and in the
form of gravitational waves is still an open problem. Its
solution strongly depends on the details of the hypothet-
ical mechanism of GRBs which is still far from being well
established. For example, the expected (but not yet ob-
served) energy output in the case of GWs from a BH
merger is ∼ 1053erg, which coincides (up to a factor due
to collimation) with the observed electromagnetic energy
output of GRBs.
While hopes are laid on the Advanced LIGO and Ad-
2vanced VIRGO which should start operating in the next
years, this situation offers a good motivation for opti-
mizing the GW search strategy and understanding bet-
ter the physics of the GW sources. Particularly, this
points to the advantages of studying the EM counter-
part of the GW emission, which can help the localiza-
tion of the source (improving on the big error box of the
GW detector) and also it may give additional clues to
the physics of the event ([31, 43]). Numerical simula-
tions already explore the detectability of the EM coun-
terpart in different cases (for the case of supermassive
black holes mergers, for example, see [45, 46], for neu-
tron stars mergers [43, 44]). The first results of LIGO
and VIRGO searches using such a multimessenger ap-
proach were also published [47]. The idea behind those
searches (for details, see [47, 48]) is to use the GRBs
as the EM counterparts of the GW, since the suspected
GRB progenitors (collapsars for long GRBs and binary
system mergers of neutron stars and/or black holes for
the short GRBs) should emit GWs as well as EM and
there is already a well working mechanism for observing
the extremely EM luminous GRBs. Although the theo-
retical results from the multimessenger approach are still
being analyzed, the intensive activity in this field shows
that the EM counterpart of the GW emission can both
facilitate and improve the information obtained from the
GW observations.
The discrete spectrum of complex frequencies called
QNMs describes only the linearized perturbations of the
metric. Hence, they cannot describe completely the dy-
namics of the process during the early, highly intensive
period of those events when the linearized theory is not
applicable. On the other hand, it is known from full nu-
merical simulations that it is the QNMs which dominate
the late-time evolution of the object response to pertur-
bations [19]. Thus, from an observational point of view,
the QNM are important, since we may observe only the
tails from the corresponding events, being far from them.
This conclusion is supported by the recent numerical ob-
servation of two lowest gravitational modes of QNMs in
the spectrum of the signal obtained from the full 3d gen-
eral relativistic head-on collision of non-spinning BH (see
[49], and for further information [50]). This result is not
isolated – there are number of works in which the QNMs
approximate well the signal of full 3d general relativistic
simulations of mergers (for example [51–55] and also the
pioneer works discussed in [25]). This clearly implies that
studying QNMs can bring new insights to the physics in
the processes which include strong-field regime.
Those numerical results also point to another pos-
sible use of the QNMs in astrophysical observations.
The QNMs correspond to particular boundary conditions
characteristic for the object in question, and since in the
case of BH the no-hair theorem states that they should
depend only on the parameters of the metric (the mass
M and the rotation a for the case of Kerr BH), mea-
suring those frequencies observationally can be used to
test the nature of the object – a black hole or other com-
pact massive objects like super-spinars (naked singulari-
ties), neutron stars, black hole mimickers etc. [56–61]. It
also can constrain additionally the no-hair theorem which
was recently put into question in the case of black holes
formed as a result from the collapse of rotating neutron
stars [62]. An interesting possibility is to find a way to
use the damping times of the EM quasi-normal modes for
comparison with observations. While the frequencies are
subject to interaction with the surrounding matter which
can significantly change the spectra, their damping times
should be much less prone to deviation. A suggestion for
such use can be found in simulations of jet propagation,
which imply that the short-scale variability of the light-
curve should be due to the central engine and not to the
interaction of the jet with the surrounding medium (see
[63] and reference therein).
One more important application of the QNM spectrum
can be found in the study of the central engines of the
GRBs, whose extreme luminosity(∼ 1051 − 1053erg/s)
and peculiar time-variability cannot yet be fully ex-
plained in the frames of current models. Even though
numerical simulations proved to be capable of describ-
ing some of the features of the GRBs light curves (for a
recent review on GRBs, see [64]), the biggest stumbling
stone seems to be the lack of proper understanding of the
central engine of the GRBs.
Common ingredients of the existing GRB models in-
clude a compact massive object (black hole or a milli-
second magnetar) and extreme magnetic field (∼ 1015G
) which accelerate and collimate the matter via differ-
ent processes. Although those processes are still an open
question for both theory and numerical simulations, the
very central engine can be studied approximately by the
linearized EM (and also GW if data is available) pertur-
bations of the Kerr metric. When finding the electromag-
netic QNMs, one does not care for the origin of the per-
turbation, but only for its spin and the parameters of the
compact massive object. In the idealized EM case, the
perturbation is described by free EM waves in vacuum.
While the astrophysical black holes are thought to be not
charged, they are immersed into EM waves with differ-
ent energy and origin. The black hole response to such
EM perturbations in linear approximation will be then
the QNM spectrum defined by the appropriate boundary
conditions 1.
Studying the so obtained electromagnetic spectrum
can give important insights into the key parameters of
the physics occurring during high-energy events as GRBs.
In particular, the electromagnetic QNMs are subject to
1 Other conditions more suitable for describing a primary jet were
studied in [61].
3resonant amplification (the idea of the black hole bomb,
[8, 28, 30]) and additionally, it is known from previous
evaluations of the spectrum, that they exhibit very low
damping in the limit a → M . For the moment, there
are no observations of the rotations of the GRB pro-
genitors, but the theoretical expectations are that they
should be highly rotating in order to produce jets with
such luminosity and collimation. Available observation-
ally measured rotations of astrophysical compact massive
objects show that there are many cases of near extremal
values thus studying the extremal limit could be rele-
vant to such objects. For example, recent evaluations
of the spin parameter of astrophysical black holes give
for the spin parameter a = 0.63, 0.90 and a = 0.89, 0.99
for M = 1, 0.1M⊙ for Sw J1644+57 and Sw J2058+05
respectively (most probable values, see [65]), and also
a > 0.98 for GRS 1915+105 ([66]) and a = 0.989 for
MCG-6-30-15 ([67]).
Moreover, because of the relatively good coverage of
the GRBs observations, there is a great amount of data,
in a wide energy range (from optical to GeV energies)
and from different epochs of the bursts which can be used
to test the eventual applicability of the QNM spectrum
in the late-time epoch of the burst. It may be hard to
extract EM QNM spectra from the existing crude GRB
spectra since the basic EM QNM frequencies are very
low (from a small part of Hz — for supermassive BH
to several kHz – for stellar mass BH) and the intensity
of the higher EM QNM may be very low. To the best
of our knowledge such attempts haven’t been made. A
new space mission, which will additionally help the EM
observations in the radio range – RadioAstron – will of-
fer unprecedented resolution (up to 1µarcsec) in a wide
range of high frequencies (from 0.3GHz to 18-25GHz) ac-
companied by continuum, polarized and spectral imaging
(for details see RadioAstron website 2). One may hope
to use this new mission for a more detailed study of the
spectra of EM radiation from the compact objects but
its sensitivity is also far from the area of the basic EM
QNM.
Theoretical calculations of the QNMs, however, are
not simple. The linear perturbations of the rotating
BHs are described by two second-order linear differen-
tial equations: the Teukolsky radial equation (TRE) and
the Teukolsky angular equation (TAE) on which specific
boundary conditions should be imposed ([10, 15]). Until
recently, solving those equations analytically was consid-
ered impossible in terms of known functions, so approx-
imations with simpler wave functions were used instead.
The resulting system of spectral equations – a connected
problem with two complex spectral parameters: the fre-
quency ω and the separation constantE – has been solved
2 http://www.asc.rssi.ru/radioastron
using different methods ([20, 23, 25, 29]) with notably the
most often used being the method of the continued frac-
tion. This method was adapted by Leaver from the prob-
lem of the hydrogen molecule ion in quantum mechanics
[16, 17]. While being successful in obtaining the QNMs
spectra, Leaver’s method has the disadvantage of not be-
ing directly connected with the physics of the problem,
thus making it harder to further explore the spectra –
for example studying its dependence on the choice of the
branch cuts of the exact solutions of the radial equation.
In addition, one has some specific numerical problems in
calculation of particular modes, for example, in calcula-
tion of the 9th one in the gravitational case [18, 20, 25].
The analytical solutions of the TRE and the TAE can
be written in terms of the confluent Heun function (for
a 6= M) as done for the first time in [22, 26, 27, 68].
Those functions are the unique local Frobenius solu-
tions of the second-order linear ordinary differential
equation of the Fuchsian type [69–72] with 2 regular
singularities (z = 0, 1) and one irregular (z = ∞)
(for details see [27]) and in the maple notation, they
are denoted as: HeunC(α, β, γ, δ, η, z) (normalized to
HeunC(α, β, γ, δ, η, 0) = 1). While the theory of the
Heun functions is still far from being complete, they are
implemented in the software package maple and despite
the problems in that numerical realization (see the dis-
cussion in [73]), the confluent Heun function was used
successfully in our previous works [22, 61, 73, 75]. The
advantage of using the analytical solutions is that one
can impose the boundary conditions on them directly (see
[22, 61]), and thus be able to control all the details of the
physics of the problem.
In a series of articles, we developed a method for solv-
ing numerically two-dimensional systems featuring the
Heun functions (the two-dimensional generalization of
the Müller method described in [76]) and we used it suc-
cessfully in the case of gravitational perturbation s = −2
of the Schwarzschild metric [73]. The so obtained fre-
quencies repeat with high precision the results already
published by other authors. Additionally, we used the
epsilon-method (see below) to study the branch cuts of
the solutions, which are particularly important in the
case of the 9th mode for s = −2. The latter, because
of its very small real part, was often wrongly considered
to represent the purely imaginary algebraically special
mode. While the analysis of the potentials of the Regge-
Wheeler equation (RWE) and the Zerilli equation (ZE)
showed that there is a branch cut on the imaginary axis
for this mode [77, 78] which leads to its interesting prop-
erties, this result is directly obtainable from the actual
solutions of the RWE and ZE in terms of the confluent
Heun functions. Furthermore, the stability of the solu-
tions with respect to movement of the position of those
branch cuts was studied in the whole interval of appli-
cability of the method. Such a study is impossible with
the continued fraction method, where the radial variable
4does not explicitly enter the equations being solved and
which cannot be used for purely imaginary frequencies
([17], p.8). If one looks at the equations used to derive
this method in detail, it turns out that the angular equa-
tion [16] in the continued fraction method coincides with
the the three-term recurrence defining the confluent Heun
function, solution of the TAE, in the neighborhood of the
two regular singular points, u = −1, 1, where u = cos(θ)
([71] Eq. (1.9-1.10). The radial equation in the contin-
ued fraction method, however, differs from the solution
of the TRE in terms of the confluent Heun functions.
This is because in Leaver’s paper, the series from which
the continued fraction are obtained are developed for the
powers of r−r+r−r− (due to switching the places of the singu-
lar points, see [17], p.7), while the asymptotic three-term
recurrence of the confluent Heun function at infinity is
developed for 1r−r− . Note that in maple, for r > r+,
the evaluation of the confluent Heun functions at infin-
ity is obtained by numerical integration from the second
singularity r = r+.
In this article, we continue the exploration of the ap-
plication of the confluent Heun functions by studying the
QNMs of the Kerr BH. Our results show that using the
confluent Heun function, one can obtain the QNMs for
a wide range of modes and rotational parameters, and
that there is very good agreement between our results
and those obtained within other methods. Using the ǫ-
method made it possible, for the first time to study the
dependence of the so obtained frequencies on small de-
viations in the phase condition and it is shown how this
nontrivial dependence evolves with n and a. In this case,
some of the modes are independent of ǫ which should be
expected since the frequencies should not depend on the
radial variable. Other modes, however, depend critically
on the value of ǫ and they can differ seriously from the
already published results. Additionally, details how the
modes change in the interval of validity of the steepest
descent method are presented.
THE TEUKOLSKY ANGULAR EQUATION
In Chandrasekhar’s notation, the Teukolsky Master
Equation ([8]), for |s| = 1 is separable under the sub-
stitution Ψ = ei(ωt+mφ)S(θ)R(r), where m = 0,±1,±2
for integer spins and ω is the complex frequency. Be-
cause of the choice of this form of Ψ, the sign of ω differs
from the one Teukolsky used, and the stability condition,
guaranteeing that the perturbations will damp with time,
reads ℑ(ω) > 0.
The TAE for EM perturbations (s = −1) has 16 classes
of exact solutions S(θ) in terms of the confluent Heun
functions (for full details see [27]). To fix the spec-
trum approximately, one requires an additional regular-
ity condition for the angular part of the perturbation,
which means that if we choose one solution, S1(θ) regular
around the one pole of the sphere (θ = 0) and another,
S2(θ), which is regular around the other pole (θ = π),
then in order to ensure a simultaneous regularity, the
Wronskian of the two solutions should become equal to
zero, W [S1(θ), S2(θ)] = 0. This gives us one of the equa-
tions for the two-dimensional system that needs to be
solved to obtain the QNMs of the Kerr BH.
In [27], there are four pairs of Wronskians, each pair
being valid in a sector of the plane {s,m}. Ideally, using
any of them should lead to the same spectrum. Numeri-
cally, the results obtained with the different Wronskians
coincide within 11-13 digits of precision. The Wronskians
used to obtain the spectrum are:
W [S1, S2] =
HeunC′(α1, β1, γ1, δ1, η1, (cos (π/6))
2
)
HeunC(α1, β1, γ1, δ1, η1, (cos (π/6))
2
)
+
HeunC′(α2, β2, γ2, δ2, η2, (sin (π/6))
2
)
HeunC(α2, β2, γ2, δ2, η2, (sin (π/6))
2)
+ p = 0
(1)
where the derivatives are with respect to z and the values
of the parameters for the two confluent Heun functions
for each m are as follows:
For m = 0: α1 = 4 aω, β1 = 1, γ1 = −1, δ1 =
4 aω, η1 = 1/2− E − 2 aω − a
2ω2 and
α2 = −4 aω, β2 = 1, γ2 = 1, δ2 = −4 aω, η2 =, 1/2 −
E + 2 aω − a2ω2, p = 1
(sin(π/6))2
For m = 1: α1 = −4 aω, β1 = 2, γ1 = 0, δ1 =
4 aω, η1 = 1− E − 2 aω − a
2ω2 and
α2 = −4 aω, β2 = 0, γ2 = 2, δ2 = −4 aω, , η2 = 1− E +
2 aω − a2ω2 and p = −4 aω
For m = 2: α1 = −4 aω, β1 = 3, γ1 = −1, δ1 =
4 aω, η1 = 5/2− E − 2 aω − a
2ω2 and
α2 = −4 aω, β2 = 1, γ2 = −3, δ2 = −4 aω, η2 = 5/2 −
E + 2 aω − a2ω2 and p = 8− 4aω.
where we use θ = π/3 (the QNMs should be independent
of the choice of θ in the spectral conditions).
These Wronskians differ from those in [27], most no-
tably by the presence of the term p. The reason for this is
that they were constructed using different two solutions
[S1(θ), S2(θ)] of the TAE (note that the sign convention
in this paper differs from the one in [27]), each of which
still being regular on one of the poles. The regularity
condition in θ ∈ [0, π] is guaranteed by the Wronskian
becoming 0 for some angle θ ∈ (0, π)([27]). The differ-
ent set of equations were used to improve the numerical
convergence of the root-finding algorithm and to avoid
maple’s problems with the evaluation of the confluent
Heun function and its derivative for certain values of the
parameters.
THE TEUKOLSKY RADIAL EQUATION
The TRE differential equation is of the confluent Heun
type, with r = r± regular singular points and r = ∞ –
5irregular one. As it was noted in [61], the point r = 0, θ =
π/2 is not a singularity for this equation and, therefore,
it need not be considered when imposing the boundary
conditions. The solutions of the TRE for r > r+, are :
R(r)=C1R1(r) + C2R2(r), for (2)
R1(r) = e
α z
2 (r−r+)
β+1
2 (r−r−)
γ+1
2 HeunC(α, β, γ, δ, η, z)
R2(r) = e
α z
2 (r−r+)
−β+1
2 (r−r−)
γ+1
2 HeunC(α,−β, γ, δ, η, z),
where z = − r−r+r+−r− and the parameters are:
α = −2 i
(
r
+
− r
−
)
ω, β = −
2 i(ω (a2+r
+
2)+am)
r
+
−r
−
− 1,
γ =
2 i(ω (a2+r
−
2)+am)
r
+
−r
−
− 1,
δ = −2i
(
r+ − r−
)
ω
(
1− i
(
r
−
+ r+
)
ω
)
,
η = 12
1
(r+−r−)
2 ×
[
4ω2r
+
4+4
(
iω−2ω2r
−
)
r
+
3+
(
1−4aωm−2ω2a2−2E
)
×(
r
+
2+r
−
2
)
+
4
(
iω r
−
−2iω r
+
+E−ω2a2− 12
)
r
−
r
+
− 4a2 (m+ω a)
2
]
.
Here we have followed maple’s internal rules when
constructing the general solution of the differential equa-
tion from the confluent Heun type. Accounting for the
symmetries of the confluent Heun function, the solutions
(3) coincide with those in [27] (for ω replaced with −ω).
3
The TRE has 3 singular points r−, r+,∞ and in order
to fix the spectrum, one needs to impose specific bound-
ary conditions on two of those singularities (i.e. to solve
the central two-point connection problem [69]). Different
boundary conditions on different pairs of singular points
will specify different physics of the problem. In our case,
we impose the black hole boundary conditions (BHBC)
– waves going simultaneously into the event horizon (r+)
and into infinity – following the same reasoning as in [61]
where additional details can be found. Then, the BHBC
read:
1. BHBC on the KBH event horizon r+.
For r → r+, from r(t) = r+ + e
−ℜ(ω)t+const
ℑ(n1,2) → r+,
where n1,2 are the powers of the factors (r−r+)
n1,2
in R1,2, follows that for m = 0, the only valid solu-
tion in the whole interval (−∞,∞) is R2, while for
m 6= 0, the solution R2 is valid for frequencies for
which ℜ(ω) 6∈ (− ma2Mr+ , 0). This means that the ro-
tation splits the area of validity of R2 into two and
if this condition is not fulfilled, then the spectrum
corresponds to waves going out of the horizon – a
3 It is important to emphasize that the so obtained solutions can-
not be used for extremal KBH (a = M) since in this case the
differential equation is of the double confluent type and its treat-
ment differs, so it is outside the scope of this work.
white hole. We won’t pursue the spectrum in the
case of a white hole, but it is important to keep in
mind that the boundary conditions correspond to
a BH, only in the ranges of validity of each solu-
tion. In our numerical work we use only R2 since
the confluent Heun function in R1 is numerically
unstable in maple.
2. BHBC at infinity.
At r → ∞, the solution is a linear combination
of an ingoing (R←) and an outgoing (R→) wave:
R = C←R← + C→R→, where C←, C→ are un-
known constants and R←, R→ are found using the
asymptotics of the confluent Heun function as de-
fined in [27, 69].
To ensure only outgoing waves at infinity, one needs
to have C← = 0.
To achieve this, first one finds the direction of
steepest descent in the complex plane Cr for which
lim
r→∞
R→
R←
= r−4i ωM+2e−2iω r = 0 tends to zero
most quickly: sin(arg(ω)+arg(r))=−1. This gives
us a relation r =|r | e3/2iπ−i arg(ω) ([22]) between ω
and r which is exact only if one uses the first term of
the asymptotic series for the confluent Heun func-
tion (i.e. HeunC ∼ 1). More details about this
approximation can be found in the next section.
Then, it is enough to solve :
C←=r
2+i ω+2ima+i ω
r+−r− HeunC(α,−β, γ, δ, η, z)=0, (3)
in order to completely specify the spectra
{ωn,m, En,m}, with r = 110 e
3/2iπ−i arg(ω) (we use
|r| = 110 as the actual numerical infinity and
M = 1/2).
THE EPSILON-METHOD
Equation (3) relies on the direction of steepest de-
scent defined by the phase condition arg(r)+arg(ω) =
3/2π. This approximate direction was chosen ignoring the
higher terms in the asymptotic expansion of the solution
around the infinity point, therefore, one can expect that
the true path in the complex plane may not be a straight
line but a curve. In principle, the spectrum should not
depend on this curve, as long as r stays in the sector
of the complex plane where lim
r→∞
R→
R←
= 0, i.e. as long as
π < arg(r)+arg(ω)< 2π, with only the convergence of the
algorithm being affected. Numerical exploration of that
limit evaluated with the first 3 terms in the asymptotic
expansion of the appropriate confluent Heun functions for
the modes ωn, n = 0..18 when there is no BH rotation
(a = 0), and for some modes when there is rotation, con-
firms that indeed the limit remains approximately zero
in the whole interval π+0.1 < arg(r)+arg(ω)< 2π− 0.1.
6The spectrum obtained numerically in this interval,
however, depends in a nontrivial way on this curve.
The complications are partially due to the appearance
of branch cuts in the numerical realization of the con-
fluent Heun functions in maple. The branching points
of the confluent Heun function in the complex z-plane
are found at the singular points z = 1 and z = ∞. In
maple, the semi-infinite interval (1,∞) on the real axis
is chosen as a branch cut. In the case of QNMs of non-
rotating BHs [73, 75], it was observed that when those
branch cuts are found near a frequency (since the radial
variable, r depends on the frequency ω, the branch cuts
appear also in the complex ω-plane), they have serious
effect on it, leading to the disappearance or translation
of certain modes. As seen from the numerical study, this
effect is likely due to a transition to another sheet of the
multivalued function.
As a way to find the correct sheet and remain on it, we
introduced the epsilon-method which consists in adding
a small variation (|ǫ |<1) in the phase condition:
arg(r)+arg(ω)=
3 + ǫ
2
π. (4)
Using the ǫ-method, one can change the location of the
branch cut with respect to the eventual roots of the sys-
tem and this way try to minimize the effect of the jump
discontinuity of the radial function 4. Using ǫ, one can
also explore the whole sector π < arg(r)+arg(ω) < 2π
, i.e. effectively moving r = |r|ei arg(r) in the complex
plane and this way test the numerical stability of the
QNM spectrum, especially with respect to the position
of the branch cuts of the radial function.
Using the parameter ǫ, the observed branch cuts in the
realization of the confluent Heun function in maple are
as follows:
1. For r–real, one encounters one of the branch cuts
of the confluent Heun function. The equation
of the line of this branch cut is: ℑ(ω)/ℜ(ω) =
tan(3/2π + ǫπ/2) = − cot(ǫπ/2). This line rotates
when ǫ changes.
2. If ℑ(ω) = 0, then one encounters the branch cut
of the argument-function. In this case the branch
cut is defined for ℜ(ω) = (−∞, 0). This branch
cut, however, affects the solutions only very close
to a = M where the frequencies can become almost
real.
3. If ℜ(ω) = 0 and ℑ(ω) = 2n , n = 1, 2, 3.., then
one can have ℑ(r) = 0 for certain values of ǫ and
thus reach the branch cut of the confluent Heun
4 Here, the radial function refers to the solutions of the radial
equation and not to the differential equation itself.
function on the real axis. This condition can affect
modes which are very near the imaginary axis (for
example, similar condition holds around the alge-
braically special mode for a nonrotating BH).
4. Additional branch cuts may appear in the cases
where ℑ(rk) = 0, for k–noninteger or complex
(where z = 1−r). Those branch cuts depend on the
numerical realization of the confluent Heun func-
tion in maple and the equations of their lines can
be obtained numerically from the values of the func-
tion for each ǫ. For example, one such branch cut
was observed for ℑ(ω)/ℜ(ω) ≈ tan(1.419 + ǫπ/2).
Although the study of the full effect from the move-
ment of the branch cuts on the EM spectrum of KBH,
as it was done in the case of gravitational perturbations
of nonrotating black holes ([73]), is outside the scope of
this work, some preliminary results on the issue can be
found in the Appendix.
A review of the branch cuts of the retarded Green func-
tion in the Schwarzschild case, can be found in the recent
article [74]. In it the authors use different asymptotic se-
ries expansions of the radial function suggested by Leaver
in a novel way to study the properties of the so-called
branch cut modes, which one needs to account for when
evaluating the Green function when due to the existence
of a branch cut, it cannot be determined solely by its
QNM series. While Leaver’s asymptotic series expan-
sions are particular asymptotic expansions of the conflu-
ent Heun functions, we cannot draw a direct parallel be-
tween our results and theirs. For one, the asymptotics of
the confluent Heun function in the whole complex plane
consists of different series expansions, valid for different
values of the parameters and having different properties.
In the case of the KBH, the radial function is gener-
ally complex along the branch cuts and the analysis in
terms of the radial potential besides in the limit cases
a = 0, a = M is not straight forward. Thus, without an
in depth study of the asymptotics of the radial function
and its branch cuts, it is difficult to make analytical con-
clusions, based on our results obtained with one particu-
lar numerical realization of the confluent Heun functions.
Therefore, here we present the results of our numerical
experiments, while a proper analytical study will be pub-
lished elsewhere.
NUMERICAL ALGORITHMS
The spectral equations we need to solve to find the
spectrum ωn,m(a) for M = 1/2 are Eqs.(1) and (3). This
system represents a two-dimensional connected problem
of two complex variables – the frequency ω and the sep-
aration parameter E – and in both of its equations one
encounters the confluent Heun function and in the case
of the TAE – their derivatives.
7A system like that cannot be easily solved by conven-
tional methods like the Newton method and the Broy-
den method, as outlined in [73] and [76], since they
do not work well with the confluent Heun function in
maple. For this reason, our team developed a new
method, namely the two-dimensional Müller algorithm
which proved to be much better adapted to work with
those functions. The details of the algorithm can be
found in [73, 75, 76], but for completeness, we will men-
tion only that it relies on the Müller method which is
a quadratic generalization of the secant method having
better convergence than the latter. The new algorithm
does not need the evaluation of derivatives, thus avoid-
ing one of the biggest problems when using the confluent
Heun function in maple. Clearly, in the system we solve
the angular spectral equation (Eq. (1)) includes deriva-
tives, but in this case, they remain in the domain |z| < 1,
where they can be evaluated correctly (for most values of
the parameters) and with precision comparable to that
of the radial function. It is important to note that both
ω,E are found directly from the spectral system (Eqs.
[(1) and (3)]) and with equal precision. 5 6
NUMERICAL RESULTS FOR
ELECTROMAGNETIC QNMS
While the evaluation of QNMs is not new to physics,
the actual numbers published for EM perturbations
of KBH are scarce. Because of this, for com-
parison, we use the numbers published by Berti et
al. [25, 56], the numerical data can be found on
http://www.phy.olemiss.edu/~berti/qnms.html. Those
numbers were obtained using the continued fraction
method which is still considered as the most accurate
method for obtaining the QNMs from the KBH. The
available control frequencies are n = 0..6 for l = 1 and
n = 0..3 for l = 2. Using those “control” numbers de-
noted as ωBn,m, E
B
n,m one can easily check the precision of
the method.
The first 10 modes of the spectrum obtained using the
new method in the interval a = [0,M) can be found
5 The algorithm is realized in maple code and the numbers pre-
sented below are obtained using maple 13 on the computer clus-
ter Physon. The software floating point number is set to 64
(unless stated otherwise), the precision of the algorithm – to 15
digits.
6 An important precaution when working with the confluent Heun
function in maple is that its precision or over-all behavior may
depend on different factors which are not always under user’s
control [73]. From our observations, it seems that one can
trust around 11-12 digits of the frequencies at the worst, usually
around 13 digits. The points we present are the maximum we
could get out of maple, but future improvements in maple’s code
may significantly expand the area of application of the method
and/or also its precision.
on http://tcpa.uni-sofia.bg/conf/research. In the Ap-
pendix, one can find some of the QNMs for specific values
of a.
Non-rotating BH
It is already well known that when there is no rota-
tion (a = 0) the electromagnetic QNMs come in pairs
symmetrical to the imaginary axis ωn,m = ±|ℜ(ωn,m)|+
iℑ(ωn,m) (n = 0, 1.. numbering the mode). In this case
the system reduces to one equation – the radial function
(3) (for E = l(l + 1), l = 1, 2..) solved here using the
one-dimensional Müller algorithm.
(a) l=1
(b) l=1,2
Figure 1. QNMs for a = 0, for m = 0, 1, 2. The red diamonds
are obtained for ǫ = 0, the green crosses – for ǫ = 0.05, the
magenta diagonal crosses – for ǫ = 0.15. With blue circles are
the control frequencies ωBn,m. Some points cannot be differed
because for them, the numbers for different ǫ coincide with
precision higher than 10 digits. Clearly, for the higher modes,
one obtains different spectra for different ǫ
The results can be seen on Fig. 1 a) and b), where
we plotted the QNMs for m = 0, 1, 2 and l = 1, l =
2. A numerical comparison of the frequencies obtained
for ǫ = 0 with the frequencies obtained by Berti et al.
shows that the average deviation is |ωBn,m−ωn,m| ≈ 10
−10
for the first 4 modes (n = 0..3, l = 1, 2). For modes
with n > 3 (i.e. n = 4..6 for l = 1), however, there
is an unexpected deviation which starts for n = 4 from
8|ωB4,m−ω4,m| ≈ 0.007 and grows to |ω
B
6,m−ω6,m| ≈ 0.022
for the last available control mode.
To study this systematic deviation, we employed the
ǫ-method to test the stability of those frequencies with
respect to small deviations in the phase-condition. The
results for ǫ: 0,±0.05,±0.15 are plotted on Fig. 1 a)
and b). From there one can see that for n > 3 the best
coincidence with the control frequencies ωBn,m occurs for
ǫ = ±0.15, while for n < 3 the modes obtained for the
different values of ǫ are equal and coincide with ωBn,m.
Similarly to the gravitational perturbations for nonro-
tating BH ([73]), the dependence ω(ǫ) in the electromag-
netic case is not a trivial one. Here, because of the com-
putational cost of the two-dimensional root-finding algo-
rithm, only the case when there is no rotation (a = 0) al-
lows studying in detail this dependence. Exploring a = 0,
however, give us important intuition on the behavior of
the QNMs under changes in ǫ for the case a > 0.
A more detailed study on both this case and the case
with rotation can be found in the Appendix. In short,
after examining the interval ǫ ∈ (−0.8, 0.8) for roots of
the radial function corresponding to certain mode (i.e.
numerically close to certain control mode), one finds:
1. The symmetry with respect to the imaginary axis
holds for all cases under consideration. In sym-
metrical parts of the interval ǫ ∈ (−0.8, 0.8) (de-
noted here as ∆ǫm,n = [ǫ
in
n , ǫ
fin
n ] ⊆ (−0.8, 0.8)), one
has frequencies with both signs of their real parts
(ωm,n = ±|ℜ(ωm,n)| + iℑ(ωm,n)), which are roots
of the radial function in ∆ǫm,n.
2. For n > 0, for each {m,n}, one has two frequen-
cies with positive real parts (and respectively two
frequencies with negative real parts), i.e. ω1,2n,m =
±|ℜ(ωn,m)|
1,2 + iℑ(ωn,m)
1,2, both roots of the ra-
dial function in certain parts of the interval ∆ǫm,n.
3. The interval∆ǫm,n, where a mode ωm,n with certain
sign of its real part can be found, shortens with the
increase of n, moving to the right (left) for frequen-
cies with positive (negative) real parts.
4. The dependence ωm,n(ǫ) in the whole interval ǫ ∈
(−0.8, 0.8) of applicability of the method, can be
of three types – 1) step-wise change of the values
of the frequency for ǫ crossing one of the BCs. 2)
an approximately smooth change of the value of
the frequency in parts of the interval, not crossing
a BC (with a change smaller than 10−9) 3) small
fluctuations in the value of the mode, corresponding
to the numerical error of the algorithm (∼ 10−11).
It appears that finding each mode depends critically on
the proximity of branch cuts in the complex ω-plane. For
a detailed description, please see the Appendix. In short,
the BC defined by ℑ(r) = 0 limits the interval where a
mode with certain sign of the real part can be found,
while the BC defined by ℑ(rk) = 0 seems to cause the
difference between our frequencies,ω1,2n,m, and the control
results ωBm,n.
Rotating KBH
In this case, we evaluated the QNMs for a = [0..M) for
3 different values of |ǫ| = 0, 0.05, 0.15 (where the positive
ǫ are used for frequencies with positive real part and the
negative ǫ – for the frequencies with negative real parts).
(a)ℜ(ω0,3)(a) (b)ℑ(ω0,3)(a)
(c)ℜ(E0,3)(a) (d)ℑ(E0,3)(a)
Figure 2. The plots depict the real and imaginary parts of
ω0,3(a) and E0,3(a) for rotation changing in the interval a =
[0,M). The red lines are the points obtained for ǫ = 0, the
blue crosses – those for ǫ = 0.05 and the green diamonds –
those for ǫ = 0.15. The the 3 types of points coincide
The results can be seen on the figures 2− 11.
When a 6= 0, the symmetry with respect to the imagi-
nary axis ωm,n(0) = ±|ℜ(ωm,n)|+ iℑ(ωm,n) turns into:
{ℜ(ω±m,n),ℑ(E
±
m,n),m} → {−ℜ(ω
±
m,n),−ℑ(E
±
m,n),−m},
where ± corresponds to the sign in front of the real part
of ωm,n(0). Therefore, to study the complete behavior
of the modes for a ∈ [0,M), it is enough to trace both
symmetric frequencies in the pair corresponding to each
{m,n} for a = 0, for only m > 0 (the index l here is
omitted to simplify the notation, but everywhere in the
text, if not explicitly stated otherwise, we compare only
frequencies with the same l.)
The parameter ǫ for rotating BH has an even more sig-
nificant role than the nonrotating case, since the two dis-
tinct frequencies, corresponding to the modes ω1,2n,m(a =
9(a)ℜ(ω0,4)(a) (b)ℑ(ω0,4)(a)
(c)ℜ(E0,4)(a) (d)ℑ(E0,4)(a)
Figure 3. The plots depict the real and imaginary parts
ofω0,4(a) and E0,4(a). With red lines are denoted the points
obtained for ǫ = 0, with blue crosses – those for ǫ = 0.05 and
with green dashed lines – those for ǫ = 0.15. The points for
the different values of ǫ differ
Figure 4. Example of the loops observed for m = 0. The
figure shows the complex plots of ω0,3(a) and ω0,4(a), where
the red lines are the points corresponding to ǫ = 0, the green
dashed line – those to ǫ = 0.15. For n = 3, the results for
ǫ = 0, 0.05, 0.15 coincide and thus only the points for ǫ = 0
are plotted
0), evolve differently with the increasing of the rotation.
Some details can be found in the Appendix. Once again,
those modes are roots of the radial function in different
parts of the interval over ǫ, depending on the position
of the two branch cuts for each mode. The second mode
appears for n > N , where N depends on m,n and usually
N = 2..4 and it is a function of the gap between the two
branch cuts (defined by the equations discussed above).
For a case study of one such mode, see the Appendix. 7
7 where ωm,n(ǫ) = ωǫm,n to avoid confusion with ωm,n(a)
(Fig. 2) ǫ differ (Fig. 3). Note that while here we discuss
mostly the frequencies, the separation parameters Em,n
also depend on ǫ as the figures show.
Figure 5. Complex plots of ω0,n(a) and E0,n(a) for a = [0,M)
for the first 22 modes with both positive and negative real
parts
It is important to note that for m = 0, in the modes
n ≥ 3, one observes loops. An example can be seen on
Fig. 4. Those loops appear in all the higher modes, and
their position depends on n. Because those loops require
a finer structure of the plot (i.e. smaller step), on the
plots Fig. 5, Fig. 6 and Fig. 9, we will plot only the
points before the first loop observed in each curve. On
Fig. 9 one can see all the results plotted together.
From the radial boundary conditions it follows that
only frequencies for which ℜ(ω) 6∈ (0,−m a2Mr+ ) corre-
spond to black hole boundary conditions. Figure 10 a)
shows that the so obtained spectrum obeys this condi-
tion. A deviation from this condition was observed in
[61], where some of the frequencies describing primary
jets crossed the line defined by −m a2Mr+ , thus corre-
sponding to a white hole solution. For the QNM spec-
trum, however, this is not the case and the spectrum
corresponds to perturbation of a black hole.
From the same figure one can see in the negative sector
of the plot that the real parts of the QNMs for increasing
n seem to tend to the line −m a2Mr+ , which requires fur-
ther investigation for n > 10. For the positive sector (i.e.
the frequencies with positive real parts) we were not able
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Figure 6. Complex plots of ω0,n(a) and E0,n(a) for a = [0,M),
l = 2, ǫ = 0
Figure 7. The plots show the real and the imaginary parts of
ω1,n(a) and E1,n(a) for a = [0,M) for the modes n = 6..20.
to trace the frequencies with high n near a → M , thus
we cannot confirm the relation ℜ(ω) = m for a → M
Figure 8. Complex plots of ωm,n(a) and Em,n(a) for a =
[0,M), n = 0..3. With blue is m = 0, with green m = 1. The
black solid circle denotes a = 0
Figure 9. A complex plot of all the ωm,n(a) and Em,n(a)
obtained for a = [0,M) for m = 0, 1, l = 1, 2 n = 0..10
observed in [19].
Finally, obtaining the modes in the limit a ≈M could
be of serious interest, if one is to compare the EM QNMs
with the spectra obtained from astrophysical objects, but
it is also technically challenging. This happens because
for a = M the TRE changes its type and near this limit,
the confluent Heun function becomes numerically unsta-
ble since these functions are transforming to the double
confluent Heun ones. Because of this, the examination
of the limit a → M for modes with high n is impossi-
ble with current numerical realization of that function in
maple. For the lowest modes, however, the function is
stable enough in the interval a ∈ [0.49, 0.4995] and the
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Figure 10. On the plots: with red lines – ℜ(ω1,n)(a) and
ℑ(ω1,n)(a) for a = [0,M), n = 0..10 and with blue dashed
line −m a
2Mr+
for m = 1
Figure 11. On the plot ℜ(ω1,n)(a) and ℑ(ω1,n)(a) for a =
[0.49, 0.4995] for the modes n = 0, 1, 2, m = 1
results of the numerical experiment for m = 1 are plot-
ted on Fig. 11. As expected, for n = 0, for a > 0.91M
the imaginary part of the frequency quickly tends to zero,
thus proving that for extremal objects, the perturbations
damp very slowly. For the other two modes, it also seems
to tend to zero, although somewhat slower than n = 0.
In physical units, the difference between the 3 modes for
a = 0.4995 is only 6Hz (ω1,1 ≈ 1.582kHz), but the damp-
ing times of the first mode is approximately 4.86 times
bigger than that of the third and is tdamp1,1 ≈ 4.2ms for
KBH with massM = 10M⊙. The frequencies in physical
units, for some other values of the rotational parameter,
can be found in Table I in the Appendix.
While the analytical study of the extremal case is out-
side the scope of this work, one can find such analytical
treatment of the issue in [21, 24]. In both articles, one
deals with approximations of the exact solutions of the
radial equation, obtained under certain assumptions –
be it through the continued fraction method in the limit
a→M ([21]) or through a particular case in which the so-
lution of the radial equation for a→M can be written in
terms of confluent hypergeometric functions ([24]). Both
methods seem to describe well the numerical results, but
further investigation through the exact solutions written
in terms of double confluent Heun functions and their
properties, could further expand our knowledge of this
limit case, especially with respect to effect of the branch
cuts in those cases.
For example, a recent study by Yang et al. ([80])
showed that the nearly extremal Kerr black holes have
two distinct sets of QNMs for the same n, coexisting for
certain {m, l}. The authors derive those results using
the matched expansions method, the continued fraction
method and a WKB analysis. Although in our case we
also observe different coexisting sets of QNMs, the im-
portant difference, is that while in our case, we see the
different sets of QNMs starting from a = 0 and persisting
with the increasing of the rotation, in the Yang study, the
branching appears when a→M and the modes merge as
the rotation decreases. Understanding whether our re-
sults can be applied to this regime and this behavior cor-
responds to new physics or it is just a numerical artefact,
requires an in depth study of the asymptotic behavior of
the confluent Heun function near its branch cuts.
Algebraically special modes and branch cuts
The algebraically special (AS) modes are obtained
from the condition that the Starobinsky constant van-
ishes ([15]) and they correspond to the so called total
transmission modes (TTM) – modes moving only in one
direction: to the right or to the left. In the case of
gravitational perturbations (s = −2) from nonrotating
BH, since the 9th QNM coincides approximately with the
theoretically expected purely imaginary AS mode, there
were speculations that the two modes coincide (see [19]
for a review, and also [77, 78]). A study of this mode in
the case of gravitational perturbations of KBH showed
numerical peculiarities as the “doublet” emerging from
the “AS mode” for m > 0 (see [19]) and also unexplained
“spurious” modes, blamed to numerical inaccuracies.
For electromagnetic perturbations, the algebraically
special modes have not been considered, since in the
limit a→ 0, the Starobinsky constant does not vanish for
purely imaginary modes (in fact, for a = 0, the Starobin-
sky constant does not depend on ω at all, see Eq. (60)
[15] p.392) and there appears to be no correlation be-
tween TTM and QNM modes [79]. There is, however,
one important parallel between the electromagnetic and
the gravitational case. For the nonrotating gravitational
case, Maassen van den Brink [77, 78] found that the pe-
culiarities of the 9th mode are due to the branch cut in
the asymptotics of Regge-Wheeler potential, which the
method of the continued fraction is not adapted to han-
dle. This result was confirmed by the use of the ǫ-method
in our previous work [75] where the AS character of the
9th mode was disproved. Using the ǫ-method, one sees
that this result is not limited to the gravitational case
and the branch cuts play an important role for the elec-
tromagnetic QNMs as well.
Using ǫ as a parameter controlling the location of the
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branch cut with respect to certain QNM 8, from the equa-
tions of the branch cuts discussed in section “The epsilon-
method”, one can relate the appearance of peculiarities
in the numerical results, with the proximity of one or
more branch cuts in the complex ω-plane. In the gravi-
tational case [75], the supposed AS mode is the one with
the smallest real part, for which the value of ǫ for which
one observes the jump discontinuity is also very small.
Therefore, one can expect that for this mode, very small
variations in the phase-condition can change the leaf of
the multivalued function and thus to lead to a different
ω from the expected.
In the EM case, one can also find a mode with a very
small real part – n = 11 with ℜ(ω0,11) = .0215 (evaluated
for ǫ = 0.15), for which one encounters the jump discon-
tinuity very close to the imaginary axis at ǫ = 0.0024.
In this case, one observes particularly interesting depen-
dence on ǫ – as showed on Fig. 1 a) – for ǫ ≤ 0.05 the
mode n = 11 separates the lower QNM branch from the
upper branch similarly to the way the so-called AS mode
separates the QNM branches in the gravitational case
[20], but if one uses ǫ = 0.15 there is no such separation.
Thus, for ǫ = 0 one finds a similarity between the EM
and the gravitational cases. This similarity, however, is
due to the appearance of branch cuts in the radial func-
tion in both cases and not to some special properties of
the mode in question (i.e. n = 11 for s = −1 and n = 8
for s = −2). This is because in the EM case, n = 11 is
not an AS mode. In fact when the real part of that mode
is very small (ǫ ≤ 0.05), its imaginary part deviates from
the value of 6i and vice versa – when the real part is not
so small (ǫ = 0.15), the imaginary part tends to 6i, see
Fig. 1. Therefore, for all values of ǫ, this mode deviates
from a purely imaginary, integer number.
If we are to continue the analogy with the gravitational
case, studying how the mode n = 11 evolves with the
increase of the rotation shows that it does not differ from
the other modes. Although we didn’t search specifically
for doublets like the ones mentioned in [19], most of the
modes with n > 0 can be considered as doublets, since
we obtain distinct curves in the complex ω−plane for
different ǫ and in certain ranges of ǫ those two distinct
frequencies, corresponding to the same n (i.e. having
similar imaginary parts), coexist.
Focusing on the other peculiarity observed in [19] –
the so called “spurious” modes the study of the frequen-
cies in the interval ǫ = −0.8..0.8 for a = 0 showed that
indeed when varying ǫ one may encounter a number of
frequencies around a certain mode. Those “transition”
frequencies appear to smoothly connect the two frequen-
cies ω1,2m,n, sometimes with precision of 15 stable digits.
8 Recall that r ∼ exp(i arg(ω)) and thus by changing ωm,n and ǫ,
one changes the position in the r-complex plane
Those frequencies, however, are isolated points in the
“transition-interval” of ǫ and thus we consider them as
a result of instability in the evaluation of the confluent
Heun function and thus not trust-worthy. Such unstable
transitions usually occur for n ≤ 4, while for n > 4, the
transition appears to be step-wise in the scale of variation
of ǫ we studied.
We see that even though we use different method than
the one in [19], on different physical problem, we obtain
very similar qualitatively results . This implies that the
real reason for the observed peculiarities in the behav-
ior of the spectrum of QNMs in both cases, may be the
complex character of the used analytical functions (the
confluent Heun functions) in the vicinity of the irregular
singular point r =∞ in the complex r-plane.
Considering all the numerical peculiarities demon-
strated above, the use of the ǫ-method poses a very
serious question in front of the astrophysical applica-
tion of that spectra – if one is to compare the numer-
ical results with some observational frequencies, which
ǫ should be trusted? In our numerical experiments, we
were able to obtain both the frequencies obtained with
well-established methods with a precision bigger than 7
digits, and also other, significantly deviating from them
frequencies, which have qualitatively quite different be-
havior with respect to changes in the rotation of the
KBH. Both results are stable in different ranges for ǫ,
thus requiring new criteria for sifting out the physical
modes based on better understanding of the behavior of
the radial function in the complex plane of the radial
variable. Such a study is outside the scope of the cur-
rent work which aims to demonstrate the dependence of
the method for obtaining the frequencies with respect to
changes in the phase-condition and thus to provoke work
in this area.
CONCLUSION
From the recent developments in the field of gravita-
tional waves detection it is clear that finding the EM
counterpart to those events can prove to be very useful.
In this case, it is needed to better understand the fun-
damental physics of quasi-normal ringing. In this paper,
our team offered a new approach to finding the QNMs
for the KBH based on directly solving the system ob-
tained by the analytical solutions of the TRE and TAE
in terms of the confluent Heun function. This approach
has the advantage of being more traditional (i.e. impos-
ing directly the corresponding boundary conditions on
the exact analytical solutions of the problem) and hence
it should allow better understanding of the peculiar prop-
erties of the EM QNMs and the physics they imply.
It was shown that using this approach, one can repro-
duce the frequencies already obtained by other authors,
but without relying on approximate methods. Partic-
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ularly important is the ability to impose the boundary
condition directly on the solutions of the differential equa-
tions. We require the standard regularity condition on
the TAE and we explore in detail the radial boundary
condition (the BHBC). Critical in it is the use of the di-
rection of steepest descent, which secures the purely out-
going wave at infinity. By using small deviations from
this direction (and the phase-condition it defines), we
were able to move around the branch cut in the solu-
tions of the radial equation and thus to study its effect
on the so obtained spectra. While this movement had
no significant effect for the lower modes n < 3, for the
higher modes it led to significant deviations from the al-
ready published results. This behavior is persistent for
the modes with m = 0, 1, 2 and l = 1, 2. This observa-
tion raises the important question: What are the electro-
magnetic QNMs for which one has to look in astrophys-
ical data. Also interesting is that while the ǫ-method
leads to significant changes of the frequencies ωm,n, it
affects much less the separation parameter Em,n which
here for the first time was obtained directly as a solution
of the two-dimensional system without any prior approx-
imations for it.
Another general result is that the confluent Heun func-
tion proved to be an effective tool for physical problems.
Even though its maple realization still has many flaws,
its precision proved to be good enough to repeat the al-
ready published results, and also studying the solutions,
we were able to reveal new properties of the numerical
stability of the EM QNMs with respect to changes in the
phase-condition.
An interesting question is the results obtained using
this method for a > M or the so called naked singular-
ity regime. Preliminary results show that the method
is applicable in this case as well and the results will be
published elsewhere.
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Appendix: Tables of the obtained EM QNMs
In the table I are presented some of the values obtained
for the EM QNM, converted to physical units using the
relations:
ωphys = ℜ(ω)
c3
2πGM
τphys =
1
ℑ(ω)
GM
c3
.
Note that in those formulas a factor of 2 is missing be-
cause the EM QNMs were obtained for MKBH = 1/2
and not for MKBH = 1. Then if M is the mass of
the object in physical units, M⊙ – the mass of the Sun
(M⊙ = 1.98892 10
30[kg]) and G = 6.673 10−11[ m
3
kg s2 ], c =
2.99792458 108[m/s], one obtains
ωphys ≈
32310
M/M⊙
ℜ(ω)[Hz],
τphys ≈
0.4925 10−5M/M⊙
ℑ(ω)
[s].
The frequencies and the damping times in the table
are calculated for M = 10M⊙.
Appendix: The ǫ-method for a = 0
Let us denote the dependence ω(ǫ) as ωǫn, so that it
differs from ωn(a).
The comparison of the frequencies obtained for ǫ =
0, 0.05, 0.15 for different m shows with precision of at
least 10−10 one has:
for m = 0: ω0n = ω
0.05
n for all n, but ω
0
n = ω
0.15
n only
for modes with n < 4, and ω0.05n = ω
0.15
n for n < 6.
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n = 0
m = 0 m = −1 m = 1
a/M ωphysm=0[Hz] τ
phys
m=0 [ms] δ(ω
ǫ) ωphysm=−1[Hz] τ
phys
m=−1[ms] δ(ω
ǫ) ωphysm=1[Hz] τ
phys
m=1 [ms] δ(ω
ǫ)
0 802.1512449166 0.5325890917 10−10 802.1512449166 0.5325890917 10−10 802.1512449167 0.5325890917 10−10
0.2 804.9393652797 0.5343356142 10−10 849.8315682698 0.5388677452 10−10 763.6902591869 0.5299212818 10−10
0.6 829.2637578502 0.5526525743 10−10 996.9258848852 0.5772488810 10−10 704.6451920585 0.5313970112 10−9
0.98 884.6086875757 0.6427140687 10−9 1445.8841670353 1.2178343064 10−11 661.8628389523 0.5373275077 10−4
n = 3
m = 0 m = −1 m = 1
a/M ωphysm=0[Hz] τ
phys
m=0 [ms] δ(ω
ǫ) ωphysm=−1[Hz] τ
phys
m=−1[ms] δ(ω
ǫ) ωphysm=1[Hz] τ
phys
m=1 [ms] δ(ω
ǫ)
0 472.3043572607 0.0638131626 10−10 472.3043572599 0.0638131626 0.3 472.3043572609 0.0638131626 10−11
0.2 479.7880705182 0.0641624606 10−10 549.5382706431 0.0658306413 0.3 415.5213067645 0.0624052214 10−11
0.6 530.3546588895 0.0677548111 10−11 792.4033820584 0.0741706889 – – – –
0.98 408.1590806664 0.0756272782 – – – – – – –
n = 7
m = 0 m = −1 m = 1
a/M ωphysm=0[Hz] τ
phys
m=0 [ms] δ(ω
ǫ) ωphysm=−1[Hz] τ
phys
m=−1[ms] δ(ω
ǫ) ωphysm=1[Hz] τ
phys
m=1 [ms] δ(ω
ǫ)
0 254.8509577191 0.0275665662 0.03 254.8509577190 0.0275665662 0.34 254.8509577194 0.0275665662 0.03
0.2 264.6648749590 0.0277638854 0.31 334.8615860768 0.0285332670 0.44 251.7604458626 0.0268474465 0.04
0.6 268.3651895175 0.0294003836 0.02 610.5848397689 0.0318459819 – 291.2755338407 0.0263079796 0.06
0.98 – – – – – – – – –
Table I. Table of the frequencies, ωphys, in Hz , the damping times, τphys, in milliseconds for some of the modes n = 0, 4, 7 and
for some chosen values of the rotational parameter in the case l = 1. Presented is also δ(ωǫ), the maximal difference between
the modes obtained for the 3 values of ǫ = 0, 0.05, 0.15 for each a, n,m. The numbers presented here correspond to 10 M⊙.
n = 0
m = 0 m = −1 m = 1
a/M Em=0 δ(Eǫ) Em=−1 δ(Eǫ) Em=1 δ(Eǫ)
0 2.0000000000 + 9.410−63i 10−64 2.0000000000 + 4.8210−63i 10−64 2.0000000000 + 4.8310−60i 10−64
0.2 1.9991429248 − 0.0007350608i 10−12 1.9460508578 + 0.0193509134i 10−11 2.0462372214 + 0.0176327659i 10−11
0.6 1.9916552351 − 0.0066017264i 10−11 1.7970919424 + 0.0620215234i 10−10 2.1232126190 + 0.0478089014i 10−10
0.98 1.9734060595 − 0.0162271167i 10−10 1.4500680177 + 0.0605778034i 10−11 2.1833506585 + 0.0705481152i 10−5
n = 3
m = 0 m = −1 m = 1
a/M Em=0 δ(Eǫ) Em=−1 δ(Eǫ) Em=1 δ(Eǫ)
0 2.0000000000+9.4410−31 i 10−64 2.0000000000+4.82 10−30i 10−64 2.0000000000+4.83 10−30i 10−64
0.2 2.0090686631 − 0.0036398098i 10−12 1.9778301381 + .1550332409i 0.003 2.0389149509 + .1531306042i 10−11
0.6 2.0717320628 − 0.0337575846i 10−12 1.9332832523 + .4598448835i 10−11 – –
0.98 2.1483751533 − 0.0584019594 – 1.6286222388 + .6109228338i – – –
n = 7
m = 0 m = −1 m = 1
a/M Em=0 δ(Eǫ) Em=−1 δ(Eǫ) Em=1 δ(Eǫ)
0 2.0000000000+9.4410−31 i 10−64 2.0000000000+4.82 10−30i 10−64 2.0000000000+4.83 10−30i 10−64
0.2 2.0499475534 − 0.0045930025i 10−3 2.0450200861 + .3500363139i 0.04 2.0888497837 + .3569822795i 0.004
0.6 2.3836324485 − 0.0361782348i 0.004 2.3691252941 + .9806955183i – 2.7122160605 + .9492827382i 0.03
0.98 – – – – – –
Table II. Table of the separation parameter E for some of the modes n = 0, 4, 7 and for some chosen values of the rotational
parameter in the case l = 1. Also δ(Eǫ) is presented, the maximal difference between the E obtained for the 3 values of
ǫ = 0, 0.05, 0.15 for each a, n,m.
for the case m = 1: |ω0n = ω
0.05
n and ω
0
n = ω
0.15
n for
n = 0..3 and n = 6..11, and ω0.05n = ω
0.15
n for n < 12.
for the case m = 2: ω0n = ω
0.05
n for n = 0..3 and
n = 6..14, ω0n = ω
0.15
n for n < 4, and ω
0.05
n = ω
0.15
n for
n < 6.
In all the other cases, the modes evaluated at different
ǫ deviate significantly from one another.
Such dependency on m is unexpected, since in equa-
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tion (2), m is always coupled with a, so for a = 0, those
frequencies should coincide. This indeed happens with
precision 10−12 for frequencies evaluated for the same ǫ.
For ǫ 6= 0, however, deviation may occur due to instabil-
ities in the numerical algorithm evaluating the confluent
Heun functions in proximity to a BC.
Similarly to the case of gravitational perturbations
(s = −2) of nonrotating BH, here we can also trace the
origin of the deviations to the BCs in the radial func-
tion. By studying the values of each mode in the inter-
val ǫ ∈ (−0.8..0.8), it was found that the points where
one observes a step-wise change in the frequency, always
coincide with passing trough one of the two BCs corre-
sponding to this mode.
As a case study we present the numerical results for
m = 0, n = 9 which demonstrates all the key properties
of the dependence of the frequencies on ǫ. For this mode,
we have two frequencies with positive real parts and two
with negative real ones:
ω1,±
0,9 = ±0.09906454016 + 4.59696440777i
ω2,±
0,9 = ±0.15729928169 + 4.55601764107i
Since there is symmetry with respect to the imagi-
nary axis and ǫ = 0, on Fig. 12 a), one can see
the dependence of ω1,20,9 on ǫ in the positive half of
the interval. In order to be able to fit the data for
both frequencies on the same figure, we have plotted
the difference ∆(ω0,9) = ω
1,2
0,9(ǫ) − ω
1,2
0,9 , along with the
two branch cuts affecting these modes: ℑ(r) = 0 and
ℑ(rk) = 0 which we will call BC1 and BC2, denoted
with a dashed and a solid vertical line accordingly. If
we use the equations of the branch cuts defined in the
section The epsilon-method, we can introduce the
notations BC1±(ω) = (±2(arg(±ω) − 1.4192)/π) and
BC2± = ±2(± arg(ω) − 3π/2)/π Then, for the inter-
vals of ǫ into which one can find each appropriate mode,
namely:
ω2,−
0,9 → ǫ ≤ −0.0744 = BC2
−(ω2,−
0,9 )
ω1,−
0,9 → ǫ ≤ (−0.083, 0.013) = (BC2
−(ω1,−
0,9 ), BC1
+(ω1,−
0,9 ))
ω10,9 → ǫ ∈ (−0.013, 0.083) = (BC1
−(ω1,+
0,9 ), BC2
+(ω1,+
0,9 ))
ω2,+
0,9 → ǫ ≥ 0.074 = BC2
+(ω2,+)
Clearly, there are intervals of ǫ in which one can find two
roots corresponding to one n, both with the same signs
of the real parts and with opposite. Note that the limit
of applicability of the method in this case is ǫ = 0.5993
thus we were not able to check the upper (lower) bound
for ω2,±0,9 .
From the figure it is also clear that while the depen-
dence ω1,+0,9 (ǫ) appears noise-like implying that the fre-
quency is constant in this interval with more than 10 dig-
its of precision, for ω2,+0,9 (ǫ) we observe an interval where
the frequency remains approximately constant, but also
an interval where it demonstrates a different kind of de-
pendence (ǫ > 0.15). Very similar behavior occurs for all
modes with n > 0 and gets more pronounced with the
increase of n or a.
The case n = 0 is not included in our discussions, be-
cause for it, the numerical routine evaluating the conflu-
ent Heun function remains stable only for ω2,±0,0 .
On Fig.12 b), c) some additional information is pre-
sented concerning how the dependence of the modes on
ǫ evolves with the increase of n. For example, one ob-
serves that the numerical fluctuations in the value of the
frequencies decrease with the increase of n, even though
one can expect an increase of the error of the numerical
integration in the complex plane with n.
(a)
(b) (c)
Figure 12. a) The dependence of ∆(ω1,20,9) = ‖ω
1,2
0,9 − ω
BC
0,9 ‖ on
ǫ for ǫ = −0.014..0.55. With solid and dashed vertical lines
are denoted the positions of BC1 and BC2. b) The position
of the two branch cuts for the modes n = 0..12 in terms of ǫ.
With black solid line is BC1, with blue dashed line – BC2
c) As a way to measure the average change in the frequencies
due to ǫ inside the intervals where they are only roots of
the radial function, we plotted the absolute value of the
difference between two frequencies of the same type (i.e. ω10,n
or ω20,n), evaluated at two points for ǫ with δǫ = 0.020 (for
n = 0..12). With black solid line we denote ∆(ω10,n), with
blue dashed line ∆(ω20,n) Clearly, while this quantity tends to
a constant for the frequencies ω10,n, it demonstrates different
behavior for ω20,n.
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Appendix: The behavior of the modes for different ǫ
for a > 0
When there is rotation, the effect of the two types of
branch cuts, BC1 and BC2, continues to dominate the
results. Studying the modes n = 0..10 in the case of
different {l,m, n} for ǫ = 0, 0.05, 0.15 one obtains the
following results:
• The case m = 0, l = 1. For modes with n <
4, ω0n(a) = ω
0.05
n (a) = ω
0.15
n (a) (see Fig. 13).
The comparison with the control frequencies gives
‖ωn,0−ω
B
n,0‖ < 10
−10, ‖En,0−E
B
n,0‖ < 10
−10 in the
whole range for a, confirming that in this case the
results of the two methods – the continued fraction
and our method– are the same.
For n ≥ 4, one observes the two distinct fre-
quencies corresponding to each mode: ω0(a) =
ω0.05(a) 6= ω0.15(a), with the exception of n = 4, 5
for which ω0.05(a) = ω0.15(a) 6= ω0(a) (Fig. 3).
The numerical comparison with the control results
ωBn,m, E
B
n,m show that they coincide with the results
for ǫ = 0.15.
The position of the branch cuts and the corre-
sponding intervals where each mode can be found
follows the already described in the nonrotating
case. For example, to obtain the modes with neg-
ative real parts, one has to use negative ǫ: ǫ =
0,−0.05,−0.15.
The results are symmetrical to those obtained for
ℜ(ω0,n) > 0 with respect to the imaginary axis for
ω0,n and with respect to the real axis for E0,n (for
ℜ(ω0,n) > 0, ℑ(E0,n) < 0 and vice versa).
• The case m = 0, l = 2.
For n < 7, we have ω0(a) = ω0.05(a) = ω0.15(a).
For n = 7, ω0.05(a) = ω0.15(a) 6= ω0(a). This be-
havior continues until n = 12, where it is ω0.15(a)
that deviates from the other two. The results for
l = 2 can be seen on Fig. 6.
• The case m = 1, l = 1.
The modes obtained for the three values of ǫ coin-
cide up to n < 4. For n = 4 (Fig. 14), ω0(a) differs
from the other two. For n ≥ 6, it is ω0.15(a) that
differs, while the other two coincide. Note, here
the deviation for different ǫ is much more signifi-
cant than the case m = 0 (Fig. 3).
These results show that the peculiarities observed
when there is no rotation are inherited by the modes
for a > 0. Studying the dependence of ωm,n(ǫ) for each
mode in a certain interval of ǫ is computationally expen-
sive, so we did it only for the cases: n = 9, 10, a = 0.01.
The results for n = 9 can be seen on Fig. 16.
Figure 13. Complex plots of ω0,n(a) and E0,n(a) for the first
4 modes n = 0..3, a = [0,M). The points obtained for ǫ =
0, 0.05, 0.15 coincide with more than 10 digits thus only one ǫ
is plotted. The black solid circle denotes a = 0
Figure 14. Complex plots of ω1,4(a) and E1,4(a) for a =
[0,M), ǫ = 0 (red diamonds), ǫ = 0.05(blue crosses) and
ǫ = 0.15 (green line). There is dramatic deviation of the
points obtained for the different values of ǫ
Exploration of this dependence to a finer degree
in the case n = 10 in the specific interval ǫ =
0.0785..0.089 shows that in it, there are again two pairs
of points [ωn, En] as roots for the same ǫ (for ǫ ∈
[0.07862..0.088034]), namely:
[0.0680207667 + 5.1463791539i, 2.0021361645 + 0.0514150701i],
[0.1419210235 + 5.0686957246i, 2.0028302584 + 0.0505980908i].
Following the formulas for BC1 and BC2 described in
the previous section, one finds that the intervals for the
first and the second root should be ǫ1 ∈ (−0.0084, 0.0881)
and ǫ2 > 0.0786, thus the interval of coexistence of the
two roots should be ǫ∗ ∈ (0.0786, 0.0881), confirmed by
our numerical experiments.
Again, the existence of two sets of QNMs correspond-
ing to one n is unexpected but can be explain with the
appearance of BCs in the radial equation, and it repeats
for all the modes with m = 0, n > 0. Although it is far
from clear whether this behavior represents some new
physics in the problem, in any case, it points to a behav-
ior which must be studied more carefully in order to bet-
ter understand the numerical stability of the EM QNMs.
One could argue that the real branch cut coming directly
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Figure 15. Complex plot of the modes ω1,n(a) in a = [0,M)
for m = 1, l = 1, n = 0..9. On the plot are the points obtained
for two values of ǫ: ǫ = 0 with red lines and ǫ = 0.15 with
green crosses. The red dashed line corresponds to the branch
cut with equation ℑ(ω)/ℜ(ω) ≈ tan(1.419 + ǫπ/2) for ǫ = 0.
One can see that the modes with different ǫ coincide before
reaching the branch cut (i.e. for n ≤ 3), and then, the ǫ = 0
points begin to differ
(a)
Figure 16. The dependence of ∆(ω1,10) on ǫ for ǫ =
0.0785..0.088, a = 0.01. The solid line denotes the real
part, the dotted line – the imaginary part and ∆(ω1,10)(ǫ) =
ωǫ1,10 − ω
0.0785
1,10 . The dependence E1,10(ǫ) is similar.
from the TRE is BC1 and BC2 is a numerical artefact,
however, for the moment, there is no way to prove or dis-
prove this. What we see from the numerical data is that
ω1 resides in an interval of ǫ where it remains approxi-
mately constant, up to random numerical fluctuations in
the 11-th-12th digits. ω2, however, demonstrates explicit
dependence over ǫ, which the rotation seems to increase.
Since ω2 coincide with our control modes, obtained using
different methods, this result poses once again the ques-
tion in front of the QNM physics – which frequencies to
use and why.
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